TWISTED GLOBAL SECTION FUNCTOR FOR D-MODULES ON 

AFFINE GRASSMANNIAN 



TSAO-HSIEN CHEN, GIORGIA FORTUNA 



Abstract. For each integral dominant weight A, we construct a twisted global section 
functor r A from the category of critical twisted D-modules on afnne Grassmannian to 
the category of A-regular modules of afnne Lie algebra at critical level. We proved that 
r A is exact and faithful. This generalized the work of Frenkel and Gaitsgory [FG| in the 
case when A = 0. 
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Introduction 

0.1. Let g be a simple Lie algebra over the complex numbers, and G be the corresponding 
algebraic group of adjoint type. Let k be an invariant non-degenerate bilinear form 

« : ® — > <C. 

Let q k be the affine Kac- Moody algebra given as the central extension of the loop algebra 
0((*)) 

(0.1.1) -> CI -> 0K -> fl ((t)) -> 0, 

with bracket given by 

[af(t),bg(t)] = [a,b]f(t)g(t) + K(a,b)Res(fdg) ■ 1, 
where a and b are elements in 0, and 1 is the central element. 

Denote by Q C rit the affine Kac-Moody algebra corresponding to k = —l/2Kkui ='■ Kcrit, 
where Kkui denotes the Killing form, and let 3cHt be the center of appropriately completed 
twisted enveloping algebra U' crit of Q cr it- We are mostly interested in the category Q cr i t -mod 
of continuous L^ rif -modules. These are the same as discrete cr jt-modules on which the 
central element 1 acts as the identity. 
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0.2. Let Gr G = G((i))/G[[i]] be the affine Grassmannian of G. Denote by -D cr jt-mod(Gr G ) 
the category of critical-twisted D-modules on Gr G as introduced in |BD2j . We have the 
functor of global sections 

T : D crit -mod(Gr G ) -4 Q crit -mod, 3" ^ T(Gr G , 3"). 

In [FG| . it is shown that the above functor T is exact and faithful. This functor plays an 
important role in the study of the Geometric Langlands. More precisely, Let V x be the 
irreducible g-module with highest weight A and set V A = IndjjrSj (V 1 ) . Denote by % C rit,\ 
the algebra l C rit,\ '■= End(V^). It can be shown that l C Ht,\ is in fact commutative, and 
the map 3crit -4 icrit,\ is a surjection 

Denote by Q CT it-m.od reg ^\ the subcategory of g cr i4-mod consisting of modules such that the 
action of the center 3erit factors through 2crit,\- F° r A = we will simply denote $ C rit,o 
and g C rit-mod reSi o by Icrit & n d cr it-mod reff respectively. 

It can be shown that the functor V : L> cr ji-mod(Gr G ) —> Qcrit-mod, in fact, lands in the 
subcategory Q cr i t -mod reg . Moreover, as it is shown in |FG5j . the exactness and faithfulness 
of the above functor, allows to show the equivalence of categories 

(0.2.1) I^f t cfee -mod(Gr G ) /o ^ Bcritrma6*° g . 

In the above expression, ZA^f t cfce -mod(Gr G ) denotes the Hecke category 



crit 

crit ) i 



Z^f t cfce -mod(Gr G ) := D crit -mod(Gr G ) X Spec( 3 



pt/G 



and Qcrit-modfteg (resp. ZA^f t cfce -mod(Gr G ) /o ) denotes the subcategory of cr .#-mod res 
(resp. of Z?^f t cfce -mod(Gr G )) consisting of modules which are lo-integrable (resp. Iq- 
equivariant ), where Iq denotes the unipotent radical of the Iwahori subgroup I C G [[£]]. 



0.3. The main purpose of this paper is to construct a different functor r A 

T A : D crit -mod(Gr G ) -4 Q crit -mod reg t(a) , 

where t is the involution of the Dynkin diagram that sends a weight A to — wq{X), for 
wo longest element in the Weyl group. We will show that T A , for A dominant, is exact 
and faithful. Following [FG5], this will be the point of departure for a following-up paper 
where an equivalence similar to 10.2.11 will be shown. More precisely, the functor T A can 
be used to construct a different functor Y x,Hecke yielding an equivalence 

Z^ff e -mod(Gr G )*> ^ crit -mod^ r(A) . 

0.4. In order to explain how the functor T A arises, it is important to recall the construc- 
tion of the functor of global sections given in |FG] , For this, recall the chiral algebra D C rit 
of critically twisted chiral differential operators on the loop group G([t)), introduced in 
[AG]. As it is shown in loc. cit., it admits two embeddings 

J^-crit ~4 D * crit ^~ ^criti 

where A cr it is the chiral algebra attached to the Lie*-algebra L = ® T>x ® &>x at the 
critical level as explained in [BD] . If we restrict these two embeddings to the center 3crit 



of A cr u, as it is explained in [FG] Theorem 5.4, we have 
Moreover the two compositions 

l r 

(0.4.1) ~hcrit c ^ A cr n y T) 'crit ^ A cr a i 3 3crz£ 

are intertwined by the automorphism t ; 3cr^£ — ^ 3cr^£ mentioned before. 
One would expect to have some sort of functor between D-modules on the afflne Grass- 
mannian and -D-modules on the loop group G([t)) that are G[[t]]-equivariant. However, 
the difficulties in defined the category of .D-modules on the loop group, make the exis- 
tence of such functor vague. However, as it is explained in |AG| . it is natural to relate 
-D cr ii-mod(Gr G ) with the category D cr .jj-mod G ^ of G[[i]]-equivariant D cr jt-modules sup- 
ported at x £ X. In fact the following is true. 

Theorem 0.4.1. There exist a canonical equivalence of categories 

D crit -mod{Gr G ) ~ D crit -mod°^ . 

Under the above equivalence, the functor T is given by the composition 

D crit -mod(Gr G ) ~ 'D crir mod G ' [[i11 — ^> (Q crit x Q crit )-mod Gm] — 8crit- m oa, 

where the forgetful functor to (Q cr it X 0crit)-mod G ^ is given by the embeddings I and 
r and by the equivalence between yi cr j 4 -modules supported at x and g cr jt-mod. In other 
words, given a -D cr ji(Gr G )-module 3~, if we denote by My the corresponding D cr j 4 -module, 
then r(Gr G ,3~) is given by (My)^ = Hom(¥°,M 5 ). 

0.5. Statement of the Main Theorem. The above construction suggests a way of 
defining a different functor T A from .D cr .ji-mod(Gr G ) to the category Q cr it-m.od reg ^ T ^x) in- 
troduced earlier. In fact we can define T x as the composition 
(0.5.1) 

D crir mod(Gr G ) ~ V crit -mod Gm] (g crit x g crU )-mod Gm] — 'A 

The main theorem of this paper is that, for dominant weights A's, the functor T A remains 
exact and faithful. 

Theorem 0.5.1. For any dominant weight A, the functor 

T : D crit (Gr G )-mod^ 

Qcrit -mod reg ^ X ) 

is exact and faithful. 

The proof of Theorem 10.5.11 follows the line of [FG| and can be divieded into two parts: 

• Showing that for g cr ^-modules My correspnding to G D cr ji-mod(Gr G ) under 
Theorem lO.4.11 the functor of taking maximal submodule of My which is supported 
on Spec(3 cr it,A) is exact. 

• The functor Hom("V A , ) from g cr i t -mod re9i A to the category of vector spaces Vect 
it exact. 

In fact, part (2) follows from a result of [FG] that says that "V A is projective in 
Q cr it-mod re g t \. Therefore, our job in the present note is to prove the claim in part (1). This 
will be done using the construction of "modification at a point" (Proposition I1.5.T]) and a 
chiral- version of Kashiwara lemma (Proposition 14. 2^2]) . In the case when A = 0, which is 
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done in [FG| . we only need Kashiwara lemma to complete the proof of part (1) and the 
main reason is that the chiral 3crit- m oodules appearing in this case are central (see 10.71 for 
the definition). It is no longer true for general A and the construction of "modification at 
a point" allows us to deal with non-central chiral 3cr«i- m odules. 

0.6. The paper is constructed as follows. In Section [T] we recall the main results about 
the center 3crit ; the space of opers on a curve X and we introduce the construction of 
"modification at a point " for general chiral algebras. In section[2]we study Lie*-algebroids 
and chiral algebroids arising from 3crit- in section [3] we reduce the exactness of the functor 
r A to a chiral- version of Kashiwara lemma. In Section 0] we prove the Kashiwara lemma. 
In section [5] we prove the faithfulness of T x . 

0.7. Conventions. Our basic tool in this paper is the theory of chiral algebras. We will 
assume the reader is familiar with the foundational work |BD| on this subject. However 
we will briefly recall some basic definitions and notations. 

Throughout this paper A:l4XxI will denote the diagonal embedding and j : U — > 
X x X its complement, where U = (X x X) — A(X). 

For any two sheaves M and N denote by MKIN the external tensor product 7r*M <g> 

where tt\ and 7T2 are the two projections from X x X to X. For a right Dx-module M 
define the extension Ai(M) as 

A,(M) = j*j*{Q x H M)/fl x B M. 

Sections of Ai(M) can be thought as distributions on X x X with support on the diagonal 

i 

and with values on M. If M and N are two right Dx-modules, we will denote by M <8> 2NT 
the right T>x-module M ® N <g) tt* x . 

A chiral algebra over X is a right Dx-module A endowed with a chiral bracket, i.e. with 
a map of T>x 2 -modules 

\i : m*(AEA) -»■ A\(A) 
which is antisymmetric and satisfies the Jacobi identity. 

We will denote by [ , ]a the restriction of fi to A M A ^ j*j*(A M A), and we will refer to 
it as the induced Lie* -bracket. 

By a commutative chiral algebra we mean a chiral algebra 51 such that [, ]% vanishes. In 
other words it is a chiral algebra such that the chiral bracket \x factors as 

Uf(5i E 01) -> A, (ft ® X) -> A! (31). 

Equivalently, ft can be described as a right Dx- m odule with a commutative product on 
the corresponding left Dx-module ft' := ft (g> fi^- 

A chiral .A-module is a right-Dx- m odule M endowed with a map 

Va,m :j*f(AMM) -)■ A,(M), 

satisfying certain properties. We call the restriction of //^.jvt to .A KM 3*3* {A M ft) the 
induced Lie* -action. 

For a commutative chiral algebra ft, and a chiral ft-module M, we say that M is central 
if the induced Lie* -action of fJ,xM vanishes. Equivalently, M is a chiral ft-module such 
that the chiral action /U^m factors as 

j*j* (ft m JVC) -> A, (ft ® M) -> A, (M) . 
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1. The center at the critical level and the space of opers. 

Recall that, for the critical level k = K cr u, we denote by A cr a the chiral attached to 
the Lie*-algebra L = g ® T>x © &x as explained in [BDj, and by 3crii its center. Recall 
that 3 crit is a commutative chiral algebra whose fiber $ C rit '■ — (3crit)x at any x G X is 
isomorphic to 

l cri t ~ End(¥°), 
where "V denotes the vacuum module for g cr j t given as 

¥ ° := K[W]ec C - 

Let 3crit be the topological associative algebra attached to 3crii, introduced in |BD] . 3.6.18. 
One can show that 3cr«i is in fact isomorphic to the center of the appropriately completed 
twisted enveloping algebra U' crit of Qcrit, where U' crit denotes the quotient U(# cr it)/(1 — 1), 
(here 1 denotes the identity element in U(g cr it)). 

Denote by g the Langlands dual Lie algebra to g and let Opg x be the D^-scheme of 
g-opers on X introduced in |BD2j . For every point x G X, and coordinate t around x, 
denote by Opg(-D*) the ind-scheme of opers on the punctured disc D* = Spec(<D((t))), 
and by Op g (D x ) the space of regular opers. Explicitly, an oper V G Op (Z)*) is the 
equivalence class, under the Gauge action of N((t)), of elements of the form 

(1.0.1) V = V +p-idt + v(t)dt, 

where v(t) G b((t)) and p_i denotes the element p_i = /i> f° r I index set of simple 
roots. The condition that the oper is regular, i.e. it belongs to Op^(D x ), is given by 
v(t) G b[[t]]. 

Recall now the following Theorem, established in [FFJ. 



Theorem 1.0.1. There exist a canonical isomorphism of 1>x- algebras 

3crit ^ Fun(Op- S;X ), 

in particular we have an isomorhism of commutative algebras lent — Fun(Op§(D x )) and 
of commutative topological algebras 3crit — Fun(Op^(D^)). 

1.1. Poisson structure on the space of opers. Recall now the Poisson structure on 
Op (Z)*). Consider the space Conn^D*) of all connections on the trivial G-bundle on 
D* , i.e. operators of the form 

Vo + <j>(t)dt, where <f>{t) G g ® ^d*- 

If we denote by g crit the topological dual of Q crit , then we can identify Conn^D*) with 
the hyperplane in Q cn i consisting of all functions h : Q cn i — ^ C such that the restriction 
of h to the center of g crit is the identity. Under this identification, the coadjoint action of 
G((t)) on g crit corresponds to the gauge action of G((t)) on Conn^D*). The space Q crit 
carries a natural Poisson structure that induces a Poisson structure on Conn^D^). 
Consider now the action of N((t)) on g crit . The map \i : Q crit — > (n((t)))* ~ g/b ® Qp* is 
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a moment map for this action and in particular on Conn^D*)- Moreover, from [BD2} 
§3.7.14], we have an identification 

Pfl (D*) ~ ^- l {l))/N{{t)). 

for any non-degenerate characters I of n((t)). In other words we can construct Op g (-D*) 
as the Hamiltonian reduction of Conn^D*) along \x. In particular Op g (D*) acquires a 
Poisson structure 

{ , } : Ftm(Op s (Z£)) ® F U n(Op- s (D*)) -> Fun(Op g (D*)). 

The Poisson structure on Op g (D*) gives fi(Op^(D^)) a structure of Lie algebroid aver 
it. We will denote by to the resulting anchor map u : f2(Op g (D*)) — > T(Op g (Z)*)), where 
T(0p g (£>*)) is the tangent sheaf to Op g (-D*). 



Denote by Jo the ideal corresponding to Opg(D x ) C Op g (D*). Recall that, in [FG3] it is 



shown that I is co-isotropic, i.e. that {Iq,Iq} C Iq. In particular Iq/Iq is a Lie algebroid 



over Op g (-Da;) and we have the following commutative diagram: 

o h/il o(o P5 (£>* ))\ OPi{Dx) fiCOPiCAO) 



. T(Op- a (D x )) - T(Op s (£* ))|op,p.) ^< 



Pi (D x )/Op- B (D£) 

where ^op-(D x )/Op-(D x ) denotes the normal bundle of Opg(D x ) C Op g (D*) (in particular 
N Op s (D x )/Op- s (D£) = (V^o))- 

1.2. Recall now the sub-scheme Op X ' re9 C Op g (D*) of A-regular opers, for A dominant 
coweight of q. This sub-scheme consists of equivalence classes of connections of the form 



for v(t) <E b[[t\] 



(1.2.1) V = V + \ J2 t <a " X> ■ f)j dt + v(t)dt, 

under the action of iV [[£]]. In particular Op^(D x ) = Op g ' re9 . 

Note that the space Op g (-D*) of opers on the punctures disc, can be constructed as the 
Hamiltonian reduction along the map \i : ConriQ(D*) — > n((i))* ~ g/b (g> Q,d* by choosing 
the fiber of the character (Ei t<a " A> ' fi) dt e »((*))*> 

Pg (A x ) * (n' 1 fet«*» x > ■ f)j dt)/N((t)). 

Denote by I\ the ideal corresponding to Op X ' reg C Op g (-D*). We have the following 
lemma: 

Lemma 1.2.1. The sub-scheme Op X,re9 is co-isotropic, i.e. C I\. 

Proof. We follow the argument in |FG31 Lemma 4.4.1]. Let Coran reg C Conn^D*) be 
the subscheme of regular connections, i.e., connections of the form V = d+ f(t)dt where 
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f(t) € [[t]]. It is co-isotropic since the ideal sheaf of Conn Teg is generated by g[[t\] which 
is a subalgebra. By (jl.2.ip . we have 

Opg' re9 ~ ^ t <«i,A> . A dt n Conn re9 )/iV((t)) 

which implies the claim of the Lemma. □ 

From the above lemma it follows that I\/Ix is a Lie algebroid over Op^ ,reg and we have 
the following commutative diagram: 

(1.2.2) ^ h/l\ n(Op~ 3 (DZ))\ QpKreg ^ n(o P x s re9 ) 0, 



r(Op g A ^) — r(o Pj (^))|op.( Ds) — tf 0p > 



\,reg 



/Op- B (DZ) 



where ^ r op A,re9 /Op-(D )< ) denotes the normal bundle of Op A,re9 C Opg(ZA*). 

1.3. Let Opg nr the sub-scheme of Op^(D*) consisting of opers that are unramified as 
local systems. Clearly we have Op A,re9 C Op^™". Consider now the short exact sequence 

Following [BD2] and [FG3] we have the following. 

Proposition 1.3.1. The natural map Q(Op^ ,re9 ) — > ^ Qp x ' rea / Op- (D x ) ^ s ^ n 3 ec ^ ve ! ^ n P ar ' 
ticular we have 

Q(Op^ 9 ) ~ N Q p Kreg jQ p unr- 



' 



1.4. Deformation of the commutative chiral algebra 3cHt- Recall the topological 
associative algebra 3cr?.t — Fun(Opy(D*)) attached to 3erit at the point x G X. 

For a dominant weight A, recall that we denote by V A the g cr it-module 

w ■ _ina fl[[*]]ec^ ' 

where V x denotes the irreducible finite dimensional representation of g of highest weight 
A. In particular, recall that the fiber of 3crit at x is isomorphic to i CT a := End("V°). 

We will now construct a different commutative chiral algebra 3crit A) isomorphic to 3erit 
on X - x and such that $crit,\ ■= Ocrit,\) x — End(¥ A ). 

Note that, in particular, the isomorphism 3crit\x-x — *bcrit,\\x-x guarantees that the 
topological associative algebra 3 C rii,A attached to 3 C rii,A will be isomorphic to 3crit- 

1.5. Consider the following general set-up. Let A be a chiral algebra on X, and let M 
be a cyclic .A-module supported at x € X, i.e. a module generated by a single element 
v 6 M. Then the following is true. 

Proposition 1.5.1. Under the above assumptions, there exist a chiral algebra A' on X 
such that A\x- X — A'\x-x and such that the fiber r x (A')[l] is isomorphic to M. 
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Proof. The existence of a cyclic vector v € M ensures the surjectivity of the map 

j*f(A)^i*(M), 

obtained by composing the action map with the map j*j*(A) —¥ j*j*(A) <gD M given by 
a i— > a <%> v . We define A' as the kernel of the above map, i.e we have 

O-tA'-t j*j*(A) ->■ i,(M) -»• 0. 

It is easy to see that A' satisfies the required properties. □ 

By applying the above proposition to the case 23 = 3mt, and M = 1>' x = $ C rit,\i we 
obtain the desired chiral algebra 3cHt,\- 

Let now Op^ x be the Dx-scheme of g-opers on X that have A-regularity at x 6 X, i.e. 
that can be written as 

V = V + \ J2 t<a " X> ■ fi \ dt + vi^dt' for v (*) G &((*)) 

around the point x € X, with coordinate i. We have the following. 
Theorem 1.5.2. There exist a canonical isomorphism of Dx-algebras 

3crit,\ ^ Fun(Op^ x ), 

in particular we have an isomorhism of commutative algebras } C rit,X — Fun(Op^ ,re9 ) and 
of commutative topological algebras Bcrii.A — ~hcrit — Fun(Opg(D^)). 

1.6. Poisson structure on 3crit and 3 C rit,\- 

1.7. We will now recall the Poisson structure on 3crit coming from the chiral algebra 

A cr if . 

Consider the C[ [ft]] -family of chiral algebras An, corresponding to the bilinear form k = 
' K kilh an d denote by [ , }j\ h the Lie*-bracket induced by the chiral bracket on An- 
For two sections z, w G 3mtj consider two arbitrary sections z%, w% whose values, modulo 
h, are z and w respectively. Then we can define a Poisson bracket {z, w} in the following 
way: 

{z,w} := ~[zn,wti]A h (mod h). 

The above expression makes sense since [zh,Wh\A h vanishes (mod H), and it is easy to 
see that the element {z,w} is indeed in Ai(3crit)- The above bracket defines a Poisson 
structure on 3mt- 

The isomorphism stated in Theorem II. 0.11 is compatible with this Poisson bracket. 



1.8. Similarly we will now define a Poisson bracket on 3erii,A that will be compatible 
with the isomorphism in Theorem 11.5.21 To do this, we need to introduce a different 
chiral algebra A cr u t \ with the property that A cr n\x-x — A cr n t x\x-x an d with fiber at x 
isomorphic to "V A . In particular the above conditions will guarantee that the center of 
A cr it,\ will be the commutative chiral algebra 3crit,\ previously defined. 
The construction of A cr i tj \ follows from Proposition 11.5.11 by taking A to be A cr u, the 
module M to be V A and v E V A any highest weight vector in V x . 

Now we can proceed as in the previous subsection and define a Poisson structure on 
3mt,A- We simply consider the G[[H]] -family of chiral algebras A' h , given by modifying An 
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in the same way as we did for A cr iu an d define the bracket of two elements in 3erit,A by 
the same formula. The fact that 3crit,A is the center of A cr a,\ guarantees that the above 
expression still makes sense and in fact defines a Lie*-bracket on 3 C rii,A- Moreover the 
isomorphism from Theorem 1 1 . 5 . 2 1 can be upgraded to an isomorphism of Poisson algebras. 

1.9. Consider now the chiral algebra ~h C rit A 

and recall the Lie algebroid I\fl\ introduced 
in ll.2i Recall the diagram 11.2.21 Because of the Poisson structure on 3 C rit,A ; the 3 C rit,A- 
module £l{^) C rit,\) acquires a structure of Lie* -algebroid. Denote by 

Ui : 0(3crft,A) — > Tficri^x) 
the anchor map, where T(3crit,A) denotes the Lie*-algebroid of vector fields on 3crit,A- 

Recall that, for a 2)x-scheme 23, geometric points of Spec('B a ;) are the same as horizontal 
sections of Spec(23) over the formal disc Spec(C[[i]]), for t a coordinate around x G X. 
Let now z be a geometric point of Spec(H x ), corresponding to an horizontal section <p z : 
C[[£]] — > B. As it is explained in |FG| Sect. 3.5. we have 

(i-9.i) #(rCB))* * (n*.,6.) z , 

where T> x denotes the topological algebra attached to the commutative chiral algebra ¥> 

and jg 1 denotes the normal bundle at z to Spec('B a ;) inside Spec('B a ;). 

In particular, if we take S = 3cr#,A> and take the fiber at x of the map u, we obtain a 
map 

Under the isomorphism with the space of opers given by Theorem 11.5.21 and the isomor- 
phism from Proposition 11.3.1] this map corresponds to the injective map from 11.31 



2. LlE*-ALGEBROIDS AND CHIRAL ALGEBROIDS ARISING FROM 3crit,A 

In this section we will assume the reader is familiar with the notion of Lie*-algebroids, 
chiral extensions of Lie*-algebroids and chiral envelope of such, as introduced in [BD . 
Recall the functor T A , regarded as a functor 

T A : D cri t-mod(Gr G ) Gm] -4 g cri t-mod reg ^x)- 

To show the exactness of the above functor, we need to study in more details the category 
on the left, which involves some constructions from [FG] that we will now recall. 

2.1. Recall the Lie*-algebroids A\ rit and the chiral algebroid A r c ^ t ' T introduced in [FG j 
Sect. 4. 

Recall That A\ rit is a Lie*-algebrois over 3crit which fits into the exact sequence 

— > Acrit/3crit — * A\ rit — > ^(3crit) _ > 0, 

and it is constructed using the Poisson bracket on the center 3crit together with the chiral 
algebras An introduced in 11.71 Recall, in fact, that If we denote by Af 

Af = |^| a G An, a (mod K) G 3c«t| , 
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At It 

then the Lie*-action of /"b C rit on 3 crit via the projection Aj^ — > "b C rit followed by the 
poisson bracket on 3cr«t, gives the tensor product 3cr«t ® AJ[ f3crit a Lie*-algebroid struc- 
ture over 3crit- The algebroid A crit is defined in |FG| as a certain quotient of this tensor 
product. 

Recall the category A^^-mod of .A^-modules supported at x € X. It consists of M G 
A cr it-mod, with an additional action of the Lie*-algebroid A crit (see |BD| sect. 2.5.16) 
such that: 

(1) As a chiral module over 3crit A cr a it is central. 

(2) The two induced Lie*-actions of A cr u f5crit coincide. 

(3) The chiral action of A cr u and the Lie*-action of A it on M are compatible with 
the Lie*-action of A crit on A cr u- 

2.2. Recall now the chiral algebroid A r c ^ t ' T . This is a chiral alegbroid (as defined in [BDJ 
sect. 3.9.) fitting into 

—¥ A cr it <S) A cr it > A crit ' > QC3crit) ^ 0, 

~hcrit 

constructed using the action on 3crit given by the Poisson bracket, of a certain Lie*-algebra 
mapping to it. 

Recall that the category A r J™ t ' T -mod ch of chiral modules supported at x, consists of 
A cr u <8> .A cr i£-modules, with an additional chiral action of A r cr ™ t ' T such that the former 

Ocrit 

action coincides with the latter when restricted to A cr u <g> A cr u C A r c e T ^ T . Moreover, 

3crii 

following [BP] Sect 3.9.24. .A^' r -mod cft is equivalent to the category of chiral modules 
over a chiral algebra U{A r c e r ^ T ) called the chiral envelope of A r c ^ T . 

According to [FG] Theorem 5.4. the chiral algebra U{A T C ^ T ) is isomorphic to the 0-th 
part of the sheaf T) cr n of chiral differential operators on the loop group G((t)) (see the 
introduction for the definition of the latter). 

More precisely, as a bimodule over Q cr it, the fiber at any point x £ X of D CT i t is 
integrable with respect to both actions, and we have two direct sum decompositions of 
(T> cr it) x corresponding to the left and right action of Q cr it- These decompositions coincide 
up to the involution r and we have 

{^crit) x = ^>crit) x , 

A dominant 

where (D cr j t )^ is the direct summand supported on the formal completion of Spec(^ rit ). 
The 0-th part of the sheaf D cr i t , is defined as the chiral algebra corresponding to (T> cr i t ) x . 
We will denote such a chiral algebra by 23^- Hence we have 

(2.2.1) A r c ^ T -^od ch ~ D^mod. 

2.3. Recall now the Lie*-agebroid A c ^ it := A r cr ™ t ' T l~b C rit- An yi^-module M supported 
at the point x is a A cr a <8> ^4 cr jf-module with an additional action of the Lie*-algebroid 
A£ it such that: 
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(1) As a chiral module over 3crit -A-crit it is central. 

(2) The two induced Lie*-actions of A cr u <S> A cr u coincide. 

Ocrit 

(3) The chiral action of A cr u <S> A cr u and the Lie*-action of A^ it on M are compatible 
with the Lie*-action of A^ it on A cr u- 

2.4. Using the chiral algebra A cr it : \ given by proposition 11.5.11 and its center 3crii,A 
with the Poisson structure explained in 11.71 we can construct a Lie*-algebroid A critx , a 

chiral algebroid A r J^ T x , and define the Lie*-algebroid A^ itx to be .A^'^/3crit,A- The 
construction is a word by word repetition of what it is done in |FG| . and we will omit it. 



The first two objects A\ rit A and A£ it A fit into the following exact sequences 

— > A cr it^\/~?)crit,\ ~^ •^■crit,X ~^ &{2>crit,\) ~~ ^ 0, 
->• Acrit,\ <8> A crit ,\ ->■ A T ™£ X -> n(3mt,A) ~> 

3crit, A 

respectively. As before we define the appropriate category of modules over them in the 
following way. 

The category A\ rit A -mod of modules supported at x G X consists of M £ A cr i t ^\-mod, 
with an additional action of the Lie* -algebroid A\ rit x such that: 

(1) As a chiral module over 3crit,A ^ A CT it,\ it is central. 

(2) The two induced Lie*-actions of A CT it,\/*?)crit,\ coincide. 

(3) The chiral action of A cr it^\ and the Lie*-action of A crit x on M are compatible with 
the Lie*-action of A crit x on A cr it^\. 

The category A r ^ T x -Tnod ch of chiral modules supported at x consists of A cr it t \ <g> 

3crit, A 

•Acrit.A-rnodules, with an additional chiral action of -A^It A such that the former action 
coincides with the latter when restricted to A cr i t: \ <S> A cr u : \ C A r ™? x . 

The category A^ it A -mod of modules supported at x consists of a M <E A cr i t ^\ <S> A cr i t ,\- 

' b t 

module with an additional action of the Lie*-algebroid A^ rit A such that: 

(1) As a chiral module over 3 C rit,A ^ A cr i tt \ it is central. 

(2) The two induced Lie*-actions of A cr i tt \ <S> A cr i t: \ coincide. 

3cri£, A 

(3) The chiral action of A cr it^\ <S> A CT u^\ and the Lie*-action of AjT it A on M are com- 
patible with the Lie*-action of A^ it x on A cr i t: \- 

Remark 2.4.1. Note that a central 3crir m odule M supported at the point x, is the same 
as a 3crtr m odule on which the action of 3crit factors through i cr it- Similarly, central 
3 C rii,A-modules are the same as 3 C rit~rnodules on which the action factors through $ C rit,\- 
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2.5. The unramified center. Recall the commutative chiral algebra 3crit, its modifi- 
cation 3crii,A) and the topological associative algebra 3crit attached to them, for every 
x G X. Recall moreover the commutatie algebras i cr n and $crit,\i and the ideals Iq and I\ 
given by the kernel of the projections Scrit -» hcrit and 3crit -» hcrit,\ respectively. 
Denote by j r eg,x the formal completion of 3cr« with respect to the ideal I\, and by 
Spec(3""jt) the subscheme of Spec(3 C r#) corresponding to Opg nr , i.e. oper that are mon- 
odromy free as local systems, under the isomorphism from Theorem ll.U.H We clearly 
have: 

|J Spec(3 crit ,A) C Spec(3""t) C |J Spec(3 re9iA )- 

A A 

Consider the functor i\ : 3 C Ht- m od — > $ cr it : \-mod that takes a 3crit-module to its max- 
imal submodule scheme-theoretically supported on Spec($ cr i t: \), i.e. for any module M, 
i\(M) consists of sections that are annihilated by I\ = Ker(3 cr it — > lcrit,\)- 
Similarly, let us define i\: 3crirmod— ^ regi A-mod as the functor that assigns to a % cr it- 
module its maximal submodule set-theoretically supported on Spec($ cr it,\) (i.e. supported 
on Spec(l re g t \)). In other words i\(M) admits a filtration whose sub-quotients are annihi- 
lated by I\. 

Let Qcrit- m odreg,\ be the subcategory of cr ^-mod of modules on which the action of 3crtt 
factors through 3 cr jt,A) an d let Q cr it-raod^gx be the subcategory of g cr ^-mod consisting of 
modules that, when regarded as 3 C rirmodules, are set-theoretically supported on $ C rit,\- 
Denote in the same way the corresponding functors 

-! -! 

Qcrit-uiod -A fjcrit-modf^A C 3 regiA mod, g cri t-mod G[[t ^ g c ^-mod^|| C 3 re9jA mod. 

It is well known that if a g cr jj-module M is G[[t]] integrable, i.e. if M 6 cr .jj-mod G ^, 
then it is supported on the disjoint union of some Spec(3 re9i A)'s. However, something more 
can be said. In fact we have the following proposition proved in [FG3J Theorem 1.10. 

Proposition 2.5.1. The support in Spec(3crit) of a G[[t]]-integrable module M is con- 
tained in Spec(3crit) ■ 

In other words, the above proposition tells us that the image of the functor 

n mnrl G '[M] d mnH ^ 

9crit- mo & — r flcr-it-mOCi— A , 

which is a priori contained in 3 reg)A -mod, belongs to ^^[ t -mod. We will denote by 
X the category consisting of 3 cr j t -niodules, whose support in contained in 
the A part of 3££. 

Consider now the functor i\ as a functor 

i\ : flcrit-mod -> g cr i t -mod re9i A. 
Clearly we have i\ = i\ o i\. Moreover we have the following: 

Proposition 2.5.2. The functor i\ : Q^a-mod ^ — > g cr it-mod^^ * \ is exact. 

Proof. The proof follows from the following Lemma. □ 
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Lemma 2.5.3. For any two positive weights A and \x, we have Spec{i cr it \)f] Spec(i cr n fjL )= 


Proof. Recall from |FG6j that, for any dominant weight A, we have Spec(% cr i t ,\) c± Op A,res . 
Moreover, it is clear from the description of the latter, that for A and /x dominant weights, 
we have Op A,re9 n Op£' re5 = 0. 

□ 

3. Proof of the Main Theorem 

Recall now the functor T x : D cr j i -mod(GrG<) —> Q ar it-Taod regiT fX)^ defined as the compo- 
sition 
(3.0.1) 

L> crii -mod(Gr G ) ~ D crii -mod G[[ * ]] (g crit x g crii )-mod G ' [[i11 Hom(v ' -> C rit-mod reg ^x)- 

To show the exactness of the above functor, we will compose r A with the forgetful functor 
to Vect, and show that the composition 

T A : D crit (Gv G )-mod -> Vect 

is exact. 

3.1. By formula (|3.Q.lj) . the functor of global sections T x : D er i t -m.od(GTo) — > Vect can 
be viewed as a functor T) cr it-mod G[[t]] -> Vect given by M ^ Hom Scrit (V\ M). Recall 
that the module Y x is supported on Spec(3 cr jt,A)> and moreover, according to |BD2j Sect 
8. is a projective generator for the category g cr ^-mod res>- \. 

The fact that the support of ~W X is Spec($ cr it t \), makes the functor r A factor as 

2Wmod G [M] ^ 9crU-mod G ^ % fl^-mod^] _^ VecL 

M > M ► ^(M) ' -> Hom gc „ t _ modre9A (¥ A ,^ 

However, because of the projectivity result just recalled, the last functor is exact. There- 
fore, Theorem 10.5.11 is equivalent to the following: 

Theorem 3.1.1. The composition 

'Dent-mod ^ -> Q crit -mo(f^ \ Qcrit-mod^}^ 

is exact. 

3.2. Recall the categories A r c ^ T -mod ch ~ D^-mod and A -mod introduced in 12.14 - 

o 

Denote by V° crit 

-modreg^j •^crit" m °dfeg,A and D^ r ^-mod unr) A the pre-image of g cr jf-mod re5) A 
Q cr it-modf^g x and ,A under the forgetful functor 

For : D° rit -mod ~ A r J^ T -mod ch -> g cr it-mod 

respectively. Recall that a module M in .A A -mod is, in particular, a central 3 C rit\- 
modules, and that this is equivalent to the fact that the underlying vector space M, 
viewed as a 3cr^-rnodule, is supported on $pec($ cr i tt \), being $ C rit,X the fiber of 3 C rit,A at 
x. 

Note that, moreover, we have an inclusion 

D° rit -mod regiA C A^ t A -mod. 
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In fact, a module M in T>" rit -mod regj \ can be seen as a module for A crit \ with a central 

] ren,T 
crit,\ 



action of ~b C rit \ - In other words it receives a Lie*-action of -A^y'a that factors through 



•^crit^l Jcrit,\ — -^ cr it,X- 

Consider the functors i\ : 3crit" m od — > % cr it ,\-mod and i\ : 3cHt m od — >• % reg ^-mod. Denote 
by the same letters the functors 

DJU-mod * 4^ T -inod<* 4 C T -^ and Ki^od % D>od re9 , A C ^ iA -mod, 
Consider the G[[t]]-equivariant categories and the corresponding functors 

^ % D^-mod^l and D^W™ 4 y^-mod. 

By Proposition ^. 5. 2l the first functor is exact. Moreover, by Proposition 12 . 5 . IT its image is 
contained in V° crit -mod G ^ x . Therefore the functor i[ : V° crit -mod G[[t]] -)■ A^ t x -mod G ^ 
is the composition of the following two functors 

A : Ku-™d G m ^„ r mod G ™, 

Here (r x ) unr is the restriction of i\ to D^-mod^J C D° r it -mod G[M1 . 

3.3. Proof of Theorem 13.1.11 We can now proceed to the proof of the Theorem. Recall 
that we want to show that the composition 

£ c „ r mod GM -> fl crir mod G [M] 4 flcrtt-mod^j 
is exact. This follows from the following proposition: 
Proposition 3.3.1. The functor 

: r D crit -mod unr> \ ^ A£ it x -mod 

is an equivalence of category. 

proof of Theorem \3.1. 1[ Recall that we have a homeomorphism of chiral algebras 

hence the forgetful functor D cr j£-mod G ^ —> g cr jt-mod factors as 

"D crit -mod Gm] -> T>° crit -mod -> g crit -mod. 
We have a commutative diagram of functors 

Kit-mod G mJL A ^ tX rnod G M 



For 



For 



g cri t-mod G ^ ^ Q crit -mod Gl1 



reg.X 

Thus to prove Theorem [3X1] it is sufficient to show that i\ : T>° crit -mod G[[t]] yi^ A -mod G[[ ' ]] 
is exact. By the discussion in §3.21 the functor i x factors as 

V° crit -mod G ^ % D^-moc® ^ A^ t -mod. 
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The first arrow is exact by Proposition 12,5.2] and the second arrow is exact by Proposition 
13,3.11 This finished the proof. □ 



4. Proof of Proposition 13.3.11 

In this section we will prove Proposition 13.3.11 The proof is based on Proposition 14,2,21 
a version of Kashiwara lemma for chiral modules for a chiral Lie algebroid. 

4.1. We will first prove the following proposition, that can be regarded as a different 
version of Kashiwara's Theorem, where instead of the action of differential operators, we 
have an action of an algebroid. 

Proposition 4.1.1. Let Z and Y be smooth closed subschemes of a smooth scheme X, 
such that Z CY C X . Let L be a Lie algebroid on X preserving Y , such that L — » N z iy 
Denote by L-mod Y z the category of L-modules set-theoretically supported on Z and scheme 
theoretically supported on Y. Then this category is generated modules scheme theoretically 
supported on Z. 

The above proposition basically says that, if we denote by / the sheaf of ideals defining 
Z C X, a section m of M € L-mod^ can always be written as E; r li' m i^ where L -m^ = 0, 
and rji € L. 

Proof. Let / be the ideal sheaf of Z in X. Choose a basis {li}i=i t ...,k of N z /y and let {li} 
be a lifting to L (It is possible since L maps onto N z / Y )- Choose {fi} S / such that their 
image {fi} in L/L 2 form a dual of {li}, i.e., under the natural paring 

<, > N z/Y ® L/L 2 ^ N z/X ® L/L 2 -> O z 

we have < h, fj >= Sij. It implies k(fj) = Sij mod /, where h(fj) is the natural action 
of L on /. 

Let M £ L-mod^. We define M 1 = ker(L l ). Since M is set theoretically supported 
on Z we have IJM 4 = M. Thus it is enough to show that 3VP is generated by M 1 . By 
induction, we can assume M' -1 is generated by M . Let us show that is generated 
by M . Since fi maps to M* _1 and li maps 3VP -1 to 3VP, we have a well defined map 
5 = Y1 hfi '■ MyjVP -1 — > JvP/JvP -1 and it is enough to show that 8 is surjective. 

We show that 5 is equal to (i — l)id on M J /M l_1 . Let x G M\ We need to show that 

(S - (* - 1)) ■ x e M 1 - 1 

and it is equivalent to show that for any / £ J we have 

/ ■ (S - (i - 1)) • x e M'~ 2 . 

Since M is supported on Y, it implies the annihilator N z , y C L/L 2 of N z / Y in I/I 2 acts 
trivially on JvT/M*" 1 . Since N Z , Y and {fi} spans L/L 2 it reduce to show that 

fj -(S-(i-l))-xe JA^ 2 

for j = 1, k. 

Write ^ .(5-(i-l))-x = fj ■ (£ Ufi ~ (i - 1)) ■ x = { E ■ ar) - (i - 2)(/ i • x)} + 
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In the above expression, the first term is in M'™ 2 by induction. The second term is 
in M i_2 because lj(fj) — 1 £ I and fj-xG M* _1 . The third term is in M* -2 because 
h(fj) € I for i 7^ j and /j • x G M* _1 . The proof is finished. □ 

4.2. In this section we generalize Proposition 14.1.11 to chiral Lie algebroids. We begin 
with the review of the result of [BP} §3.9]. Let (R, B,L,£}) be a chiral Lie algebroids (cf. 
[BDl §3.9.6]). We assume that R, B are Ox-flat and L is F-flat. Following [BDj §3.9.24] 
we denote by £ l> -mod cft ' the category of chiral (B, X^-module and Z^-mod the category of 
(B,L )-module. We have a natural adjoint pair: 

Ind : £ b -mod +± £ b -mod c/l : For 

where For is the forgetful functor and Ind is its left adjoint. 

For a M € £-mod we define the PBW filtration on Ind(JA) as the image by the chiral 
action j*j*U(B, £ b ) KIM. If M is a central i?-module, then we have a natural isomorphism 

(4.2.1) M ®r Sym R L ~ grlnd(M). 

We denote by = Spec(i?a;) and ^ = Spec(i?a;). Let <3f be the formal neighborhood 
of £^in and let &' be an ind-subscheme of containing W stable under the action of 
L. Let £ b -mod^/ be the category of chiral £ b -module supported on W . Let £ b -mod cen t C 
£ b -mod be the subcategory (B, £ b )-modules which are central as i?-module. 

Assume now that £ is elliptic, i.e., the arch map u> : £ — >■ Q(R) is injective and the 
the co-kernel of u is projective -R-module of finite rank. We further assume the image of 

U x : L x @(R) X ~ Ngfl% is equal to Nayjayr. 

Lemma 4.2.1. For any M £ & -mod cen t, we have 

a) Ind(M) £ L h -mod$,. 

b) F i (Ind(M)) = Ker(P : Jnd(M) Ind(M)), where I is the ideal sheaf of & in SC . 

Proof. Let us first prove a). We prove it by induction on the PBW filtration on 7n<i(M). 
For simplicity, we denote by F % := F l Ind(M.), the i-the filtration. By definition, F 1 is 
the image of the canonical map M — > Ind(JA), therefore, is supported on 'W C W . Now 
by induction, we assume that F l ~ l Jnd(M) is supported on W . Since F l ~ l Ind(M.) is 
stable under B and (£ b ) El F i_1 /nd(M)) maps surjectively onto F l Ind{lA), taking 
into account that & /B ~ £ and W is stable under the action of L, we obtain F l Ind(JA) 
is supported on W . 

Proof of b). Since grInd(M) is central -R-module, it implies F l C Ker(P). To see the 
other inclusion, considering 

f : I/I 2 ® 9 {F i+1 /F' 1 ) ->• (FV^- 1 ). 

We claim that for any nonzero element x € F t+1 /F l the image of x under /* is nonzero. 
The claim will imply the inclusion. Indeed, for any x ^ E Ker(P), let /c be the 
smallest non- negative integer such that x £ F t+k . If A; = 0, we are done. If not, we have 
i/0e pt+k i pi+k-i ^ Considering the map 

/ : (I/I 2 )®* <g) F i+k j — > F k /F k ~ 1 . 

Since x £ Ker(P), the image of x under / is zero. On the other hand, the claim implies 
the image is nonzero. Contradiction. 

Proof of the claim. It is enough to show that the dual of f % 

(f ) v : F i+1 /F l -> F i /F i ~ 1 ®oy N<y /X 
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is injective. But by 14.2.11 above map is obtained by tensoring with M from 

Sym^^) -> Syrn^ 1 ^) <g> L x -> Sym^ 1 ^.) <g> Ngr/^ 
which is injective since £ is elliptic. □ 

By above Lemma, we obtain a functor i\ : L b -mod cen t — > £> -modgr, by restriction of 
Ind to £ b -mod ceri f. Let v : £ -mod^/ — > ^''-modcent be the functor of taking maximal 
submodule supported on & '. By construction and Lemma 14.2.1^ it is easy to see that v is 
the right adjoint of %\ and the adjunction map M — > v o ii(M) is an isomorphism. 

Proposition 4.2.2. The functor i\ : L -mod cen t — > L^-modSp, is an equivalence of cate- 
gories with inverse given by v . 

4.3. Proof of Proposition 14.2.21 We start with the following easy Lemma: 
Lemma 4.3.1. Let Ci C2 be two abelian categoies and let 

F : Ci <^ C2 ■ G 

be a pair of adjoint functors. We assume that G is conservative. If for any M £ Ci, 
M — > G o F(M) is an isomorphism and for any Jsf 6 C2, F o G(N) — > N is surjective, then 
F is an equivalence of categories with inverse G. 

We apply above Lemma to our setting, i.e. Ci = ^-modceni, C2 = ,£ -mod^/ , F = i\ 
and G = v . We already showed that M — > i\ o r(M) is an isomorphism. Since W C it 
implies v is conservative. Therefore, it remains to prove the following: 

Lemma 4.3.2. For any N € £} '-modg}, , the adjunction map i\ o r(N) — )• N is surjective. 

Proof. We applied Proposition HXJ] to & C C and the algebroid L = H® r (D*,L b ). 
By assumption, the morphism L — > H® r (D*,L) L x ~ N^i^i is surjective, thus Propo- 
sition implies L Kl i ! (3M") maps surjectively onto DST. Since the image of ii o — > N 
contains the image of L Kl it implies i\ o r(N) — ^ D\T is surjective. □ 

4.4. Proof of Proposition [373.11 Let us apply above discussion to the case $ = -Alf!!'^, 

X = Opg(^), W = Op^ ,res and <¥' = Op^ nr . By definition, we have an equivalence of 
categories 

On the other hand, since A r ^ T and ^rft'I are isomorphic on X — x, there is an equiv- 
alence of categories A r ^\-rsiod ch ~ il^' r -mod c?t . Moreover, above equivalence induces 
an equivalence of sub-categories 

A ren,T jch ^ n ren ' T mnr\ ch 
•"■critX - crit - moa unr,\ 

and we have the following commutative diagram: 

A ren,T jcft . „ren,r jch 

' /i crii,A~ m0( %' ^ ^crit - moa unr,X 

„ren,T j a \>,T 

• H -critX U10acent *" ^critX 



Thus, Proposition 14.2.21 implies the following: 
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Theorem 4.4.1 (Proposition 13. 3,"T]) . The functor 
is an equivalence of categories. 

5. Faithfulness 

In this section we show that the functor r A : D cr jt-mod(Gr G ) — > g cr jt-mod is faithful. 
The proof is similar to the case A = using ideal of Harish-Chandra action of [BD2, 
§7.14]. Namely, let K C G[[t]] be a compact open subgroup. Let .D cr it-mod(Gr G )^ be 
the category of if-equvariant D cr j t -module on Gr G and let g^t-mod^ be the category of 
JC-integrable g cr jt-modules. It is clear that r A maps D cr it-mod(Gra) K to g cr it-raod K . 

Let D b (D cr it(G((t))/K)) be the bounded derived category of D cr jt-modules on G((t))/K. 
We have the convolution functor 

* : D b (D crit (G((t))/K)) x D cr , r mod(Gr G )^ -> D b (D crit (Gv G )). 

Moreover, we have the action functor 

* : D b (D crit (G((t))/K)) x s crii -mod^ £> 6 (g crir mod). 

Lemma 5.0.2. The functor T x = RF X : D b {D crit -mod(Gr G ) K ) D b (Q crit -mod K ) inter- 
twines the D b (D cr it(G((t]) I K])-action. 

Proof. Let 3~ G D cr it-m.od(Gv G ) and let Mj g D cr j£-mod G ^ be the corresponding chiral 
D cr ji-module under Theorem 10.4.11 By the result in [FG3, Section 1.12], we have 

where 2) C rii,z is the fiber of T> cr n at x which is a (g C rit> G[[t]])-bimodule. Thus for any 
3=1 G D b {D crU {G{{t))/K)) and J 2 G D crit -mod{Gr G ) K , we have r A (Gr G , 3^ * J 2 ) = 
Hom gcrit (V A ,M (Tl , j2) ) = Hom gcr jV A , Ji*J 2 *2) criM; ) = 3"i *Hom gcrit (V A , J 2 *D crit , se ) = 
J!*r A (Gr G ,J 2 ). 

□ 

Proposition 5.0.3. T/ie functor T x is faithfull , i.e., for any M / £ D cr i t -mod(Gr G ) 
we have r A (Gr G ,M) ^ 0. 

Proof. We follow [FG] Section 9.10. It is shown in \FG\ Lemma 9.11], for any M/0e 
L> crir rnod(Gr G ) x there exists M' G D crit -mod{G{{t))/K) G ^ such that M' * M ^ G 
L> b (D cr . it (Gr G ) G [W]). Therefore, by LemmaEEH it is enough to show that T A (M) ^ for 
M/0£ D cr .jt-mod(Gr G ) G[[t11 . Recall that the convolution functor * on i} cr ji-rnod(Gr G ) G IMl 
is exact and geometric Satake identify the monoidal category (D cr j 4 -mod(Gr G ) G [M],*) with 
the category of representation of the dual group. In particular, it implies for any non-zero 
M G D cri i-mod(Gr G ) G [M] 

we can find M' G L> c rit-mod(Gr G ) G [W] such that there is an 
injection 5 e M' ★ M, where 5 e is the delta D-module at the unit e G Gr G . Since T A is 
exact, we obtain an injection 

^ V r(A) = T x (5 e ) >-> r A (M' * M) = M' * T A (M) 

and it implies T A (M) / 0. □ 
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